Failure of protection of Majorana based qubits against decoherence 
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Qubit realizations based on Majorana bound states have been considered promising candidates 
for quantum information processing which is inherently inert to decoherence. We put the underlying 
general arguments leading to this conjecture to the test from an open quantum system perspective. It 
turns out that, from a fundamental point of view, the Majorana qubit is as susceptible to decoherence 
as any local paradigm of a qubit. 
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Recently, proposals for topological quantum comput- 
ing (TQC) with qubits based on Majorana bound states 
(MBS) as realized in one dimensional (ID) topological su- 
perconductors (TSC) have attracted a lot of interest [T]- 
[TT| . These ID TSC have a bulk superconducting gap and 
support a single subgap fermionic state / vifhich is formed 
by a single delocalized pair of MBS: one MBS at the left 
end (7l) and one MBS at the right end {jji) of the ID 
TSC. The two Majoranas combine to this one ordinary 
Dirac subgap fermion: jb. = f^+f and = ~i {P — /) • 
This class of systems has originally been proposed and 
topologically classified by Kitaev [U [T2] . The protected 
existence of the single pair of MBS is due to a nontrivial 
value of the Z2 invariant classifying a ID bandstructure 
in the presence of particle hole symmetry |12. . The qubit 
formed by the two occupation number eigenstatcs of the 
single subgap fermion / has been recently proposed as 
a candidate for TQC [6,. In this work, we show that 
while the existence of a single pair of MBS in a ID TSC 
is protected, the coherence of the associated qubit is as 
vulnerable as that of an ordinary local fermionic subgap 
bound state. We first review the two general remarks in 
Ref. supporting the protection of this qubit against 
any local perturbation, a crucial prerequisite for TQC: 

Remark (i): The qubit is delocalized into the two 
MBS 7l, 7fl which are spatially separated by the sys- 
tem length L. Since the overlap of the bound state wave 
function decays exponentially with the system length, di- 
rect coupling between the two MBS can be suppressed to 
exponential accuracy. 

Remark (ii): Fermion parity, i.e. particle number con- 
servation modulo 2, is a good quantum number in the 
superconducting system. Thus, any perturbation con- 
taining a single Majorana operator is forbidden as its 
action would change the fermion parity of the TSC. 

Now, we want to investigate whether these key obser- 
vations for a closed, noninteracting TSC still hold in an 
open quantum system scenario which is the only realis- 
tic approach to describe an actual experimental setup for 
quantum information processing. 

Discussion of Remark (i). For a system consisting of 
two entangled spatially separated subsystems, the exis- 



tence of states where information about the composite 
system can be inferred by locally coupling to one sub- 
system due to the mutual information of the entangled 
constituents, has been known for many decades. Further- 
more, ground state entanglement and topological order 
are in close correspondence [T3HI6] . Several recent pro- 
posals [T7H2D] related to teleportation between the two 
MBS could demonstrate how a local operation on one side 
of the system changes the system state nonlocally even 
in the limit L — cx) [17l |20] , where the direct overlap and 
with that the direct coupling between the end states van- 
ishes. In this sense a vanishing direct coupling between 
the two MBS does not imply that the information of the 
qubit is split into two independent halves. 

Discussion of Remark {ii). The susceptibility to deco- 
herence of any candidate system has to be investigated 
from an open quantum system point of view since de- 
coherence is the elusion of coherence to a larger Hilbert 
space of the combined qubit-environment system. Con- 
sidering only the isolated qubit system the absence of 
decoherence would be a trivial corollary from the uni- 
tarity of its time evolution. From this point of view the 
practical relevance of Remark (ii) is not very convincing 
as it only pertains to the TSC representing the qubit as 
an isolated system. In presence of an environment which 
is particle number conserving or at least fermion parity 
conserving, the only constraint on the dynamics of the 
total system is the conservation of the total fermion par- 
ity. Operations like particle tunneling conserve the total 
fermion parity but change the parity of each subsystem, 
the TSC and the environment. Hence, it is not surpris- 
ing that several proposals P^BHHU] use such couplings to 
probe the properties of MBS by tunneling based trans- 
port experiments. In the limit of a large superconducting 
gap the only low energy degrees of freedom are the two 
degenerate ground states |0), |1) = /^|0) of the wire 
forming the qubit. Tunneling between an electron from 
the environment and this subgap fermion will thus in- 
evitably flip the information stored in the parity qubit, 
i.e. lead to ax errors. Unless any fundamental reason 
beyond the parity argument by Kitaev can be found that 
such couplings are weaker than sources of decoherence in 



2 



any alternative realization of a qubit, there is no topolog- 
ical protection against decoherence in the MBS paradigm 
of a qubit to speak of. Considering these rather general 
arguments it is again not surprising, that recently the 
vulnerability of the MBS qubit to several concrete mech- 
anisms of decoherence has been demonstrated [31] . 
We now illustrate the fragility of the parity qubit with 
the help of two minimal toy models for imperfections 
which will be present in any realistic experimental setup 
for topological quantum computing. 

Both toy models are described by a similar Hamil- 
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with Hcnv be- 



ing the Hamiltonian of the environment and Hmbs — 
*?7i7fl/2 = C/V describing the overlap between MBS 
at the left and right edge of the ID TSC. i?tun is a tun- 
nel Hamiltonian coupling the MBS and the environment 
and will be specified for each toy model. Note that no or- 
thogonality catastrophe forces i?tun to have a vanishing 
tunneling matrix element in the thermodynamic limit. 
This can be seen by an explicit derivation of the tunnel- 
ing Hamiltonian as, for instance, done in Ref. [53]. The 
toy models resemble typical physical situations which are 
present in the ID TSC wire (e.g. adatoms or trapped 
charges nearby the MBS) or are induced from the outside 
to the wire (biased gates near the MBS to manipulate the 
MBS as e.g. in Ref. [5]) . 

The first toy model schematically shown in Fig. [T] is a 
single level quantum dot tunnel coupled to the parity 
qubit, see also Ref. [26], here without the spin degree of 
freedom for simplicity. Such a two level system describes 
e.g. a minimal model for trapped charges nearby the 
MBS in the wire which is allowed by symmetry. With 
^cnv = sd^d and the dot only coupling to via the 
following tunnel Hamiltonian 



Htnn = A [d^ - d] 7_R, As 
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The low energy Hamiltonian H can be conveniently writ- 
ten as a matrix choosing the basis {|00) , |10) , |01) , |11)} 



H = 
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with \ndotnf) and fidot,/ G {0,1} being the occupation 
number of the single dot level and the MBS qubit, respec- 
tively. In order to investigate decoherence of the parity 
qubit, we study the time evolution of the reduced density 
matrix for the MBS qubit p/(i) = Trdot[p(t)] which can 
readily be solved exactly. The time evolution of the den- 
sity matrix of the full system reads p{t) = e~*'^*p(0)e*^*, 
where we have set h = 1. As an example, we consider 
the time evolution of the parity qubit's occupation num- 
ber n f for an initially occupied dot and an empty subgap 
fermion state for e = ^ = 0. The MBS qubit performs 
Rabi oscillations of full amplitude and is thus totally un- 
stable on the time scale given by the coupling strength 



A. The revivals of the initial state are of course due to 
the finite number of environmental degrees of freedom. 
However, since the precise number of imperfections, cou- 
pling parameters etc. are not experimentally accessible, 
the reduced state of the qubit to be finally read out will 
become totally unpredictable due to this kind of environ- 
mental coupling. 

Furthermore, the coupling between a trapped charge 
and the TSC can change during a braiding operation, 
and thus lead to unwanted errors. Look, for instance, at 
the operations proposed in Ref. [B]. A trapped charge 
might be close to one of the arms of the wire network. 
If the MBS is located (during an operational step) in 
that arm it is coupled to the trapped charge via electron 
tunneling and if not it does not feel its presence. Hence, 
during a braiding operation, the tunnel coupling could be 
unintentionally turned on and off. It needs to be analyzed 
how this kind of error may affect the success of braiding 
operations. 
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FIG. 1. (Color online) TSC tunnel coupled to its environ- 
ment here represented by a single level dot as toy model for 
a surface adatom. 

The second model we investigate consists of a ID TSC 
tunnel coupled on one end to a metallic lead which might 
be realized by a gate or a tip used to implement oper- 
ations on the qubit. We assume a very long ID TSC 
and therefore concentrate on the MBS at the right edge. 
The lead Hamiltonian ffenv = Xife ^(^)V'fe R'4^k,R and the 
coupling is given by 



A? 



^1j(x = 0) - V'i?(x = 0)1 7fl, \r e M, (3) 



and we assume a linear dispersion e{k) for simplicity. 
In the following, we study the spectral function of the 
MBS at the right edge A{uj) = -2Im [G!^j^^j^(a;)] , where 
the retarded Green's function of the MBS is calculated 
solving the full non-equilibrium Dyson equation on the 
Keldysh contour. For the sake of brevity, details of the 
calculation which is straight forward are omitted here. 
After Fourier transforming back to the time domain, we 
obtain 



A{t > 0) = e 



— -47rpoA^t 



(4) 
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where po is the constant density of states in the metaUic 
lead. The lifetime of the Majorana bound state is thus 
determined by the tunnel coupling and the density of 
states offered for tunneling by the environment, similarly 
to any local qubit exposed to tunnel coupling. In par- 
ticular, an ordinary local fermionic subgap bound state 
would behave very similar when tunnel coupled to its 
environment. Of course, the spectral weight of our MBS 
based state / is delocalized over the two ends of the TSC, 
but this would only lead to a reduction of the tunnel cou- 
pling by a factor of l/-\/2 as compared to a local bound 
state. 

Although the Majorana qubit is defined as a nonlocal ob- 
ject, local coupling to a MBS via a tunnel Hamiltonian 
as in Eqs. ([T]) and ^ is extensively studied in the liter- 
ature [TBHSn], particularly as a way to detect the MBS. 
We would like to point out that such a coupling already 
contradicts the fundamental conjecture (ii) which is cru- 
cial for TQC in MBS based systems. While the presence 
of subgap MBS is topologically protected by particle hole 
symmetry [TJ [T^] , TQC tasks with MBS as proposed, for 
instance, in [SJ [71 IHl HH] are not protected against deco- 
herence by any fundamental symmetry in particular not 
by a topological one. 

An interesting idea to practically improve the stabil- 
ity of the MBS qubit has been presented in Ref. [35] 
where a qubit consisting of the total fermion parity of 
the MBS pair 7^, and of some additional fermionic 
states bound to the Majorana vortices is considered by 
defining: 



(5) 



with 7j the MBS operator and ^^i/ji. the environmental 
operators coupling to 7.;. However, generally speaking, 
including the bath into the system to trivially obtain 
coherence on the total composite system is definitely 
not an experimentally viable approach, not even in 
principle (see Fig. [2] for a schematic). Furthermore, 
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FIG. 2. (Color online) Right end of a ID TSC coupled to en- 
vironmental degrees of freedom. To obtain a closed coherent 
qubit, in general, an uncontrollable number of environmental 
states would have to be included into the qubit. 

we point out that an improved stability arising from 
such a procedure, if possible for some special cases of a 
controllable coupling, would protect the parity of a local 
fermionic bound state qubit as well. Thus it cannot be 
considered as a topological protection of a delocalized 



MBS based qubit. 

Up to now we have concentrated on ID TSC as a MBS 
qubit system. As already mentioned in Ref. |31j . similar 
arguments apply for any system where quantum informa- 
tion is stored in MBS. In fact, most of the experimentally 
relevant proposals for topological quantum computing 
with nonabelian anyons are working with Ising anyons 
which are based on MBS [33]. The general concept of 
TQC relies on the following crucial observation. If the 
low energy theory of the physical system representing the 
quantum computer is a topological field theory (TFT), 
there is an inherent robustness of the system against any 
local perturbation. In the framework of TFT this ob- 
servation is trivial since there is no physical length scale 
in the system on which any local correlation could oc- 
cur. However, this low energy theory for the candidate 
system including generic unavoidable imperfections, e.g. 
adatoms on its surface etc., is often times not derived 
from first principles. Therefore, robustness against de- 
coherence from an open quantum system point of view 
requires the validity of the following statement. The sys- 
tem including, for instance, also the STM tips proposed 
to create anyonic quasiparticles [33] and generic imper- 
fections present in any experimental setup must be repre- 
sented by a TFT with nonabelian anyons being the only 
low energy degrees of freedom separated from all other 
excitations by a sufficiently large gap. Otherwise the pro- 
tection though manifest in the TFT describing the ideal 
system is of no practical relevance as uncontrollable low 
energy degrees of freedom might be present in the cou- 
pled system. 

To sum up, as far as MBS based qubits are con- 
cerned we gave two general reasons why the protection 
against decoherence will fail for quite mundane coupling 
mechanisms. In particular there is no fundamental 
difference in the stability of the fermion parity for a 
MBS pair and a local fermionic bound state which is 
separated from bulk excitations by a superconducting 
gap. These results have been established by critically 
revisiting the crucial ingredients for TQC in ID TSC 
from a general open quantum system perspective and 
have then been illustrated with the help of two minimal 
toy models. The topological protection in a ID TSC 
thus pertains to the presence of the single pair of 
MBS and not to the coherence of the associated qubit. 
Furthermore, since braiding operations are in a closed 
system independent of the local details of the path 
traversed by the quasiparticles, the precision of these 
operations is not sensitive to the mechanical fine tuning 
of the control ports of the setup. This feature is of course 
not related to the coherence properties of a candidate 
system for TQC. The usefulness of MBS based quantum 
computers will thus be decided by practical aspects of 
material science rather than by fundamental arguments 
related to nonlocal storing of information: Can particle 
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exchange be suppressed much more efficiently then 
other mechanisms leading to decoherence of say the 
spin of a trapped ion or a quantum dot or the phase of 
a flux qubit? Comparing different approaches on this 
rather applied level a strong argument supporting many 
alternative approaches to quantum computing , see e.g. 
Refs [5H - I5^ . is that their basic constituents are readily 
experimentally accessible. 
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